In this paper, a posteriori error estimates of functional type for a stationary diffusion problem with nonsymmetric coefficients are derived. The estimate is guaranteed and does not depend on any particular numerical method. An algorithm for the global minimization of the error estimate with respect to the flux over some finite dimensional subspace is presented. In numerical tests, global minimization is done over the subspace generated by Raviart-Thomas elements. The improvement of the error bound due to the p-refinement of these spaces is investigated.
Introduction
In this paper, we derive a posteriori error estimates of the functional type for a class of elliptic problems with nonsymmetric coefficients. Since mid 90's (see [8] ), estimates of this type has been derived for a wide range of problems (see, e.g., monographs [6, 9, 5] and references there in). However, the case of a stationary diffusion problem, where coefficients are not symmetric has not been studied before. Problems of this type are not very typical among other elliptic equations but they arise in certain models (see, e.g., [1, 2] ). It is shown that the derived estimate has the standard properties of a deviation estimate for a linear problem, i.e., it is guaranteed and computable. The derivation of the estimate is based on the method of integral identities and a special case of Cauchy-Schwartz-Bunyakovsky inequality.
Consider the Poisson problem,
where Ω a is simply connected domain with a Lipschitz-continuous boundary, f ∈ L 2 (Ω), and A ∈ L ∞ (Ω, R d×d ) is strictly positive definite, bounded, and has a bounded inverse A −1 ∈ R d×d in Ω. Moreover, A is positive definite, i.e., there exists constant c > 0 such that
(1.4)
Error majorant
For symmetric problems with A ∈ L ∞ (Ω, R d×d sym ) the respective guaranteed upper bounds (error majorants) have been presented in [6, 9, 5] and other publications cited therein. It has the form,
where v ∈ H 1 0 (Ω), y ∈ H(div, Ω), and C F is the constant in Friedrichs inequality,
A special case of the Cauchy-Schwartz-Bunyakovsky inequality presented below is required to obtain an analogous error estimate in the nonsymmetric case.
Lemma 2.1. Let U be a Hilbert space which field is real numbers, A : U → U is continuous, bounded, strictly positive definite, and has a continuous inverse
is continuous and bounded. Then,
Proof. Since A is strictly positive definite,
Selecting (assume y = 0 and q = 0, otherwise (2.2) holds trivially)
(Ω) and u be the solution of (1.4), then,
where
and
The constants C F and c are defined in (2.1) and (1.3), respectively.
Proof. Subtracting A∇v from both sides of (1.4) and applying the integration by parts formula
The first term can be estimated from above by (2.2), where U := L 2 (Ω, R d ) and A := A. The second term is estimated from above by Hölder inequality, (2.1), and (1.3), which leads at
.
Setting w = u − v leads at (3.1).
Remark 2.1. Two parts of the majorant are related to the violations of the duality relation and the equilibrium condition, respectively. They are denoted by
Global minimization of the error majorant
Squaring and applying the Young's inequality yields a quadratic form of the majorant, which is more suitable for the minimization over y.
Corollary 3.2. The minimizers
respectively.
Proof. The functional M 2 (v, y, β) is quadratic and convex w.r.t. y. Thus the necessary and sufficient condition for the minimizerŷ is
which leads to (3.2). Similarly,
Remark 3.1. If A is symmetric, then (3.2) reduces to
There are many alternatives how to compute the value of the majorant (see, e.g., [5, Chap. 3] ). Here, the the global minimization of the majorant over finite dimensional subspace is presented. The minimization is done iteratively by solving (3.2) and (3.3) subsequently.
Let y = N j=1 c j φ j and Q h := span(φ 1 , . . . , φ N ) ⊂ H(div, Ω), i.e., φ j (j ∈ {1, . . . , N }) are the global basis functions. Then (3.2) leads to a system of linear equations C
6) 
Output: M k+1 {Upper bound for the approximation error}, y {Approxima-tion of the flux} and c ∈ R N is the (column) vector of unknown coefficients. The natural choice is to generate Q h using Raviart-Thomas -elements (see [7] ). The global minimization procedure for M 2 is described in Algorithm 1.
Remark 3.2. Note that in Algorithm 1, the global matrices S and M have to be assembled only once. The coefficient matrix in (3.4) is symmetric regardless of the fact that A is not.
Numerical tests
Algorithm 1 is very convenient to implement using any finite element software, e.g., FEniCS [4] and FREEFEM++ [3] ), which allows user to define problems using weak forms. This is true for all estimates of the functional type presented in [6, 9, 5] . The following tests are computed using FEniCS finite element package. Here, we apply Algorithm 1 to estimate the error of a finite element approximation for a test example, where the exact solution is known.
, and
and B = 
The majorant is computed for different meshes with k 1 = 1, k 2 = 1, and p 1 = 1 in Table 1 . The efficiency of the majorant and the number of iterations (in Algorithm 1 ε = 10 −6 ) do not depend on the mesh size. For p 2 = 2 and p 3 , Q h can practically present the exact flux, since the efficiency index is almost one. Note that in this case M Dual is almost the exact error and M Equi vanishes.
Results of a similar experiment in the case k 1 = 2, k 2 = 3, and p 1 = 2 are depicted in Table 2 . It is easy to see that lowest order Raviart-Thomas elements are not able to present the flux properly and in the case p 2 = 1, the efficiency index of the majorant is poor. Again, in the p-refined spaces the estimate improves significantly. In Example 4.2, the exact solution is not known. Instead a reference solution was computed using third order Courant type elements with 29791 global degrees of freedom is applied. The approximations were computed using linear tetrahedral Courant type elements and the fluxes are generated using tetrahedral Raviart-Thomas elements of order p 2 . The results were depicted on Table  3 and they show similar characteristics as in the two dimensional example.
Summary
An upper functional deviation estimate (majorant) for nonsymmetric stationary diffusion problem is derived. An algorithm for the global minimization of the majorant over a finite dimensional subspace is presented and tested. The efficiency of the majorant depends on the particular problem (i.e., the exact solution) and the relation of spaces V h and Q h . The question is that how accurately V h can represent u (in the energy norm) in comparison with the ability of Q h to represent A∇u (in the H(div, Ω)-norm). If Q h is "better", then the estimate is very accurate and the other way round. The crude overestimation in Table 2 shows that using a "worse" space for the computation of fluxes is not generally a good idea. 
